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Abstract: Smoothed Particle Hydrodynamics (SPH) is used to model stress wave propagation and 
compression tests in elastic solids under triaxial loading conditions. It builds on our previous studies of 
deformation of elastic solids under uniaxial and biaxial loading. A laboratory scale triaxial compression 
test is used to demonstrate the generation, propagation and reflection of the elastic waves in the 
specimen. To verify the SPH based approach, the results are compared to matching results using the 
Finite Element Method (FEM). The solutions predicted by SPH are found to agree well. This paper 
illustrates the potential of SPH for accurate modelling of solid materials that are subjected to triaxial 
compression, and of the resulting elastic wave propagation. 
Keywords: finite element method, mesh-less method, smoothed particle hydrodynamics, stress wave, 
triaxial test. 
1 Introduction 
The triaxial test is one of the common mechanical testing processes for characterising solid material 
behaviour. It is a simple and versatile method for determining material properties in almost all kinds of 
material applications [1]. Triaxial tests are also employed to study localised deformation behaviour, 
such as strain distribution around a notch in a specimen [2]. In this test, a standard specimen is 
gripped between the jaws of a triaxial testing machine. One end of the specimen is pushed/pulled by a 
moving piston and the other end is held under a fixed jaw. The specimen is subjected to pressure from 
sides by injecting pressurised fluid. The compression or elongation in the specimen is measured by 
extensometers, and/or strain gauges or LVDTs. 
In this work we use a particle based method called Smoothed Particle Hydrodynamics (SPH) to model 
triaxial testing of laboratory scale sandstone specimens. SPH was proposed by Gingold and 
Monaghan [3] and Lucy [4]. It is a mesh-free numerical method, which can be used to obtain solutions 
of partial differential equations. In this technique, the domain of the problem is modelled by discretising 
it with SPH particles. The field variables are approximated at each particle location by a suitable 
interpolation function (also known as smoothing kernel). For details of the SPH method and its 
applications, one can refer to relevant literatures [5-8]. 
SPH has been traditionally applied to modelling fluid flows [6,8]. In recent years, there has been a 
growing interest in applying SPH to a wide variety of solid mechanics problems [9-12]. SPH therefore 
provides a unified approach for modelling coupled fluid-solid interaction problems, such as rock 
fracture under fluid flow and fluid flow through solid porous media. The modelling of all components of 
a multi-physics application using the same numerical framework (i.e. SPH) means that the physical 
laws, interfacial boundary conditions, and associated evolution of the material properties and 
parameters can be seamlessly incorporated into an integrated analysis system. 
One primary feature of SPH is that it is a particle based technique and does not require any underlying 
grid structure to represent the problem geometry. This avoids the difficulties associated with traditional 
mesh-based methods (FEM, FVM and BEM), e.g. maintaining the integrity and quality of the mesh 
under large deformation. The grid-free nature of SPH makes this method ideally suited to modelling 
processes that involve large deformations and discontinuities, such as fracture and fragmentation, 
metal forming, etc. Indeed, SPH has been successfully applied to simulate different types of metal 
forming processes [11]. Furthermore, SPH uses a Lagrangian approach, in which the frame of 
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reference is attached to the moving particles. This gives the ability to track history dependent 
properties of the material [8]. 
In previous studies, we modelled a uniaxial and a biaxial tester using SPH to examine the capabilities 
of SPH for predicting stress distribution and deformation in elastic solids under uniaxial and biaxial 
loading [12,13]. Triaxial loading represents a generic load case that is mostly encountered in real life 
problems. It is therefore required to assess the performance of SPH for triaxial loading to be able to 
predict many phenomena where triaxiality of the local stress field is important, e.g. fracture, 
fragmentation and metal forming. 
In this work, the aim is to establish whether SPH is an effective and accurate computational method 
for predicting transient and steady stress fields in elastic solids under triaxial loading. If so then it can 
be extended to model three-dimensional brittle fracture under compressive loads. In the initial 
transient state of triaxial compressive loading, the elastic stress wave propagation through the 
specimen affects its response. It is important to analyse transient structural behaviour because the 
initial fluctuating stress can trigger generation and propagation of localised damages/flaws, which can 
then play a critical role in initiating the fracture failure. The ability of SPH to model stress waves is 
examined using a simple test, that of modelling a triaxial tester. We also compare the SPH solution 
with the fundamentally different and widely used FEM to assess its relative accuracy. 
2 Test configuration specification 
A triaxial tester is modelled here using SPH. Figure 1a shows a triaxially loaded rectangular specimen 
of width 86 mm, height 140 mm and depth 86 mm. Figure 1b shows the locations of four 
representative points used for monitoring the response of the specimen. The specimen is assumed to 
be made of a typical sandstone (Crossley sandstone) of bulk modulus of 12.2 GPa, shear modulus of 
2.67 GPa and density of 2300 kg/m
3
. The geometry and material of the specimen were taken from 
[14]. The vertical compressive load is applied on the top through a piston moving at constant velocity. 
The specimen is subjected to pressure on the sides, and it is held fixed at the bottom by a rigid plate. 
This simulates the requisite boundary conditions for a typical triaxial compression test. In this example, 
the piston was moved vertically downwards at a constant velocity of 1.5 mm/s, and a uniform pressure 
of 7.6 MPa was applied on the side faces of the specimen. 
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Figure 1: a) Triaxial test configuration and loading, b) Representative points in the specimen for 
monitoring the stress variation with locations given as (in mm): Point A (0, 70, 43), Point B (21.5, 
103.5, 21.5), Point C (21.5, 70, 43), and Point D (21.5, 103.5, 64.5). 
  
In this work, we apply the SPH formulation for solid deformation problems presented in [12] to model 
the triaxial test. The tensile instability correction coefficient and the artificial viscosity for elastic stress 
(as described in [10]) were chosen to be 0.1 and 1.0 respectively. For the SPH simulations, the 
specimen domain was discretised with particles of resolution (spacing) 3 mm, giving a total of 39,527 
particles for these three dimensional simulations. The SPH model was developed with particles placed 
on an initially regular square grid structure. Based on the material properties, the sound speed was 
2303 m/s. The total CPU time required for the analysis was 77 hours using a 2 GHz Pentium IV Linux 
computer. 
3 Structural response under triaxial loading 
3.1 Transient response  
In the initial stage of loading, we observe transient elastic stress wave propagation within the 
specimen. The lateral pressure and the compressive load from the top piston generate these elastic 
waves. In the numerical model the entire lateral pressure is applied instantaneously (at t = 0) on the 
side boundaries, and the top piston starts from rest. The vertical movement of the piston contributes to 
very little compressive stress at the beginning as compared to that produced by the side pressure. For 
example, under the uniaxial compression only [12], the von Mises stress at the centre of the specimen 
was 64 Pa at 23 μs of simulation time, whereas it is 5.2 MPa at the same time for the triaxial case. 
Hence, the waves from the top of the specimen initially have little influence on the overall stress wave 
propagation pattern, which is primarily governed by the lateral loads. 
     
     
(a) t = 11 μs (b) t = 23 μs (c) t = 51 μs (d) t = 78 μs (e) t = 98 μs 
Figure 2: Early stress wave generation, propagation, and reflection in the specimen (coloured by von 
Mises stress). The top and bottom rows show the von Mises stress distributions on the boundary faces 
and on the vertical mid-plane respectively. 
Figure 2 shows the SPH prediction of wave propagation through the specimen. The lateral pressure 
generates elastic waves from the four sides. The pressure waves propagate towards the centre and 
superpose inside the specimen (Figure 2a-b). The waves first superpose along the vertical centreline 
of the specimen. The dimensions of the specimen are such that the superposition leads to a 
constructive interference along the vertical axis of symmetry, as shown in Figure 2b. This leads to a 
sharp rise in the von Mises stress in the middle of the specimen. Afterwards, the stress waves 
propagate back towards the sides, and subsequently superpose with the newly generated waves from 
the sides. This creates a low stress zone in the middle (Figure 2c-d). On reaching the side boundaries, 
  
the waves are reflected from the free surfaces and then again travel towards the middle of the 
specimen. The superposition of the waves alternately reflected from the four side faces continues and 
this leads to a complex interacting stress wave pattern, as seen in Figure 2e. 
With increase in the vertical compression, the stress waves from the top start contributing significantly 
to the overall von Mises stress distribution. The pressure waves from the side surfaces now begin to 
interact with the stress waves originating from the top and propagating downwards. The superposition 
of the elastic waves travelling along perpendicular directions produces a more complex stress field. In 
the case of present triaxial loading, by the time the stress field due to vertical loading becomes large 
and dominates, the wave propagation reaches a steady state with a large background stress. Hence, 
the interplay between the lateral and vertical waves is not visible in the surface plots in Figure 2. 
3.2 Steady response 
The interacting waves reach a steady state over time. The pattern of new and reflected waves fills the 
specimen and the stress fluctuations decline, leading to a steady state. Here by ‘steady state’ we 
mean that the specimen has little change in the spatial distribution of stress with time; however the 
magnitude of stress at a point varies with time. Figure 3 shows the steady state stress distribution, 
which is extremely even, except at the boundary surfaces and edges. As the top piston is being 
pushed vertically down and the specimen is being pressurised from the sides, it is compressed both 
axially and laterally, which changes the stress levels uniformly throughout the specimen.  
We observe higher stresses at the side faces of the specimen compared to the interior stress field. 
This is because the loading surfaces (i.e. the top, bottom and side faces) have stress distributions 
different from those prevailing in the rest of the specimen. The top and bottom surfaces are in contact 
with the moving piston and the stationary plate respectively. The stress distributions in these surfaces 
are primarily governed by local contact mechanics, and are different from the nearly uniform stress 
field further inside the specimen. Also, the lateral surfaces, where the pressure is directly applied, 
have higher stresses, see Figure 3. The corners and edges of the specimen, due to the presence of 
discontinuities in the geometry, create regions of (theoretical) stress singularities. This induces and 
maintains ‘localised’ very high stresses at the corners/edges and also affects the stress field 
somewhat around them throughout the simulation, which is a physically expected phenomenon. 
     
(a) t = 4 ms (b) t = 12 ms (c) t = 23 ms (d) t = 35 ms (e) t = 45 ms 
Figure 3: Steady state response with continuously varying stress pattern with time (i.e. load), and with 
little change in stress pattern over the entire specimen (space). The von Mises stress distributions are 
shown on the vertical mid-plane. 
The magnitude of the von Mises stress at all points continues to decrease first reaching a minimum 
and then increases uniformly with time. The stress field in Figure 3c corresponds to the minima of the 
von Mises stress. In the present study, the stress field in the specimen is most anisotropic when the 
vertical load is first applied. As the vertical compression increases, the difference between the 
horizontal and vertical components of the stress tensor reduces and the stress state becomes more 
isotropic. This leads to a reduction in the von Mises stress and consequently the distortion energy of 
the system until around 23 ms (Figure 3c) when the von Mises stresses reach their lowest values. For 
example, the von Mises stress at point A (shown in Figure 1a) attains its minimum value of 0.11 MPa 
at t = 23 ms. Afterwards, the vertical load due to uniform compression continues to increase, whilst the 
horizontal load (due to lateral pressure) remains constant. The resulting vertical component of the 
stress always exceeds the horizontal component. The difference between the stress components 
  
continuously increases so that the stress field becomes increasingly anisotropic with time. As a result, 
the von Mises stress thereafter continuously increases with load (time). 
4 Verification of SPH solutions with FEM  
The Finite Element Method (FEM) was also used to model the triaxial test so as to provide a high 
quality solution with which to compare the SPH solutions. The domain of the specimen was meshed 
with linear (8-node) reduced-integration hexahedral (brick) elements. The Finite Element (FE) solution 
was obtained using an implicit dynamic analysis. The results presented in this section used an SPH 
particle resolution of 3 mm, whereas an element size of 1 mm was used with FEM. First, we compared 
the fine-mesh (1 mm) FE solution with a relatively coarse-mesh (2mm) FE solution at the four 
representative points shown in Figure 1. The maximum differences in stress over time were 0.084%, 
0.020%, 0.032% and 0.144% at points A, B, C and D respectively. This indicates that the FE solutions 
have converged well. This study establishes that the fine-mesh FE solution is accurate enough to be 
taken as the reference solution, against which the accuracy of the SPH solutions can be assessed. 
This enables a comparative study of the two methods, which use substantially different numerical 
formulations. For both the methods, the same specimen geometry, loading and boundary conditions, 
as shown in Figure 1, were used. 
Figure 4 shows the comparison between the SPH and the FE predictions of the maximum principal 
stress (which determines three-dimensional fracture criticality) over time at the centre of the specimen 
(point A). The solutions agree well for both the transient and steady state stages of compression. The 
FE analysis required a total CPU time of 102 hours using a 2 GHz Pentium IV Linux computer. 
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Figure 4: a) Comparison of the very early transient maximum principal stress variation at the centre of 
the specimen (point A) using SPH and FEM, b) Comparison of the maximum principal stress at point A 
using SPH and FEM over longer times when the system has reached steady state. 
Figure 4a compares the very early transient response of the specimen at the central point with that 
predicted by FEM. The SPH solution broadly follows the trend of initial stress rise and its subsequent 
variation, as predicted by FEM. Figure 4b shows the comparison between the two solutions in the 
steady state zone. The relative (%) deviations from the FE solutions are 4.1%, 3.0%, 3.2% and 3.5% 
for points A, B, C and D respectively over longer time (in asymptotic limit). Furthermore, the relative 
(%) difference does not vary much over time. This establishes that the SPH method performs well to 
model the long term steady state response of the structure. 
5 Conclusions 
The study has established SPH as a practical and effective numerical tool for stress analysis, 
modelling elastic stress wave propagation and simulating triaxial tests with fully three-dimensional 
geometry and boundary conditions. It has demonstrated that SPH has good accuracy and stability for 
modelling these solid deformation problems. The triaxial test simulation complements and extends our 
earlier studies of uniaxial and biaxial test modelling with SPH to a relatively complex load case 
involving triaxial stress states. 
The specific conclusions from the present study are: 
 SPH is able to predict stress wave propagation and material deformation in triaxial 
compression tests on laboratory scale specimens. SPH can effectively model the initial 
  
transient phenomenon of stress wave propagation through the elastic specimen. The 
generation, reflection and superposition of the elastic waves are well captured using SPH. The 
SPH solutions can predict attainment of spatial steady stress state condition and show no 
instability. 
 The SPH solutions for three-dimensional solid deformation problems are found to have good 
accuracy, as judged against a fine-mesh finite element solution. The trends in the stress wave 
solutions broadly match for both the methods. The steady state response (stress field) 
obtained using SPH agrees very well with that predicted by FEM. The average difference, 
relative to FE solution, is found to be 3.4% (for 3 mm resolution) over longer time (in 
asymptotic limit).  
 The implementation of SPH used here allows the loads and boundary conditions to be 
imposed in a variety of ways, such as velocity based loading and pressure based loading. The 
proper load transfer to the specimen implies that SPH based approaches can indeed be used 
for simulating realistic test conditions involving a variety of load cases. Furthermore, the effect 
of different test conditions on specimens of various dimensions and materials can be rapidly 
assessed by SPH, as pre-processing requirements with this technique are considerably less 
than those needed with conventional mesh-based techniques.  
In future work, we will extend the SPH method to model fracture and fragmentation in solids. The SPH 
technique is likely to be able to handle discontinuous large scale deformations involved in fracture 
problems due to its mesh-less nature. Furthermore, the Lagrangian formulation appears to make SPH 
well suited to simulating damage initiation and propagation by tracking the history of stress-strain state 
of the particles. This study has established that the underlying numerical concepts and formulations 
embedded in SPH provide an effective framework for modelling three-dimensional fracture problems.  
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